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Vertically-Shaped Tunable MEMS Resonators
Brian Morgan, Member, IEEE, and Reza Ghodssi, Member, IEEE

Abstract—We report the development of tunable comb-
resonators that use vertically-shaped comb-fingers as electrostatic
springs. By restricting our design modifications to the vertical
dimension, the tunability is achieved without increasing the device
footprint. Three-dimensional finite element analysis was used to
evaluate the effects of geometry and design on electrostatic spring
strength and linearity. All structural components were fabricated
using gray-scale technology, simultaneously defining all vertical
levels using a single lithography and dry-etching step. Subsequent
testing achieved bidirectional resonant frequency tuning (> 17%)
through the creation of electrostatic spring constants as high as
1.06 N/m (at 70 V) and 1.45 N/m (at 120 V). While the current res-
onant devices show evidence of nonlinear stiffness coefficients at
large oscillation amplitudes (> 10 µm), multiple design options
are introduced and simulated as potential solutions. [2007-0131]

Index Terms—Comb-drive actuators, electrostatic devices,
gray-scale technology, microelectromechanical devices, microres-
onators, resonators, tuning.

I. INTRODUCTION

M ICROMECHANICAL resonators have received signif-
icant attention over the past 20 years due to their ap-

plications in thin film characterization [1], signal processing
[2], gyroscopes [3], electrostatic charge and field sensors [4],
mass sensors for biochemical sensing [5], and vibration-to-
electric energy conversion [6]–[8]. Multiple MEMS approaches
have been investigated for tuning the resonant behavior of a
particular system by creating electrostatic springs that modify
the effective spring constant. The most popular technique has
been the use of an additional electrode beneath a suspended
cantilever, which under a dc bias creates an electrostatic spring
that when combined with the mechanical spring, reduces the
resonant frequency [9], [10]. However, such parallel plate tun-
ing technique is limited to reducing the resonant frequency, and
the strength of the electrostatic spring constant is dependent
on the oscillation magnitude of the cantilever and the initial
gap [10]. Small gaps are preferred due to the resulting strong
electrostatic springs, but they are in turn limited to small
amplitude oscillations.
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For many applications, in-plane resonators are preferred due
to their large travel range and potential for lower damping
[11]. In particular, the ability to tune parametrically excited
in-plane MEMS oscillators has recently been shown to hold
great potential for narrow bandpass filters or mass sensors [12].
Frequency tuning techniques for such in-plane resonators typi-
cally concentrate on geometrically modifying the capacitance-
position relationship to create an electrostatic spring. Two main
techniques were developed with the ability to decouple the
actuation and tuning effects, while enabling bidirectional elec-
trostatic tuning of the resonant frequency. The first so-called
“fringing field actuators” have demonstrated tuning of linear
and nonlinear stiffness coefficients [13]. However, these only
operated over a small range of motion (∼2 µm) and oscillated
perpendicular to the comb-finger orientation, increasing air
damping. The second technique used variable gap comb-drives
[14] and showed large deflection operation by changing the gap
between moving and stationary comb-fingers, thus demonstrat-
ing tunability over large oscillation amplitudes (∼10 µm). This
ability comes at the cost of significantly increasing the area
required for a single comb-pair, thereby reducing finger density
and overall electrostatic spring strength.

This paper presents the design, fabrication, and testing of an
alternative approach that uses vertically-shaped comb-fingers
to create electrostatic springs in silicon without increasing the
device area [15]. While a similar concept has been proposed
previously for static actuators in simulation studies [16], its au-
thors acknowledged that they had no practical method for fabri-
cating their intricate designs. For this paper, the limited vertical
shaping of the resonator is made possible by the recent devel-
opment of a 3-D silicon fabrication technique called gray-scale
technology [17] and its integration with MEMS actuators [18].
Section II of this paper introduces the principle of vertically-
shaped gray-scale electrostatic springs as a resonator tuning
mechanism, and also presents device design and simulation
within the constraints imposed by our fabrication technique.
Section III then briefly reviews the fabrication process/results
for integrating gray-scale technology into the resonator de-
sign, where the influences of fabrication limits are explored.
Section IV presents testing results for bidirectional tuning of
the resonant frequency, enabling the extraction of electrostatic
spring strength for comparison with our models. Section V
provides discussion on reducing nonlinearities encountered
during initial testing at large oscillation amplitudes. Concluding
remarks and future directions are discussed in Section VI.

II. DESIGN AND SIMULATION

To understand the principles of the tunable comb-resonators
in this research, it is easiest to start by looking at the standard
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Fig. 1. Top view schematic of (a) Traditional comb-fingers, and (b) “Weakening” variable-gap comb-fingers under a constant dc bias. Mechanical (Fmech),
electrostatic (Felec), and net (Fnet = Fmech + Felec) force profiles show that for a traditional comb-drive, keff = kmech. In contrast, the variable-gap design
causes a spatially varying electrostatic force, resulting in a “weakened” spring (keff < kmech).

force relationship in electrostatic comb-drive actuators

F =
1
2
V 2 ∂C

∂x
≈ N · ε0 · height

gap
V 2 (1)

where V is the applied voltage, N is the number of comb-
fingers, and ε0 is the permittivity of free space. Equation (1)
is an approximation for comb-finger geometries of constant
height and gap (with large overlap), in which case the force
is independent of comb-finger position/engagement [i.e., no
electrostatic tuning—see Fig. 1(a)]. However, by introducing
changes in gap and/or height, one may design the capacitance
versus position profile to induce a position dependent electro-
static force, creating an electrostatic spring (kelec). During op-
eration, an applied dc tuning voltage determines the magnitude
of kelec, which combines with the original mechanical spring
constant (kmech) to create the effective spring constant (keff)
of the system [see Fig. 1(b)]. The modified resonant frequency
(ftuned) of the overall structure is then

ftuned =
1
2π

√
keff

m
=

1
2π

√
kmech + kelec

m
(2)

which can also be expressed in terms of the original, untuned,
resonant frequency, f0

ftuned = f0

√
1 +

kelec

kmech
(3)

kelec is taken as positive if it acts in the same direction as kmech,
causing keff to increase – essentially “stiffening” the system
and tuning to higher frequencies. Conversely, kelec is taken

as negative if it acts in the opposite direction from the kmech

restoring spring—essentially “weakening” keff and tuning to
lower frequencies.

Since standard MEMS fabrication is limited to planar struc-
tures, the easiest method to create an electrostatic spring is to
change the gap with position, as mentioned previously [14].
This dramatically decreases the comb-finger density (by up to
2–3X depending on desired tuning characteristics and feature
size limitations). In contrast, the vertical shaping of the comb-
finger enables a more compact electrostatic spring if it can in
fact be fabricated.

The simplest vertically-shaped comb-finger designs have a
single step, as shown in Fig. 2(a) and (b). Comb-drive force
is proportional to dC/dx, which, in the case of constant gap,
means force is proportional to the local finger height. Thus,
short portions of the finger produce less force than tall portions.
Fringing fields cause a smooth transition between the two force
regimes, resulting in the electrostatic spring (kelec) behavior
(i.e., a change in force over distance).

The resonator devices designed and fabricated in this paper
follow the conceptual layout shown in Fig. 3, where a single
proof mass, or shuttle, is suspended between two electrodes
by mechanical springs. The electrode side with variable-height
comb-fingers receives the dc tuning voltage to create the
electrostatic spring. The opposite “drive” electrode (with only
planar fingers) receives an ac signal that is swept to obtain
the frequency response of the system. For the case shown in
Fig. 2(b), the electrostatic force is initially large and decreases
as the fingers engage. Since the electrostatic force is always at-
tractive, a force that decreases with deflection (given the layout
in Fig. 3) creates a kelec that acts in the same direction as kmech,
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Fig. 2. Vertically-shaped comb-resonators can create electrostatic springs
without increasing the size of a single comb-pair. Shown in (a) is a design
that creates a “weakening” electrostatic spring that leads to lower resonant fre-
quencies. Shown in (b) and (c) are designs that create “stiffening” electrostatic
springs that lead to higher resonant frequencies.

Fig. 3. Conceptual layout of MEMS tunable resonators fabricated and tested
using variable height comb-fingers as electrostatic springs.

leading to “stiffening” behavior. Conversely, a “weakening”
spring is created by a comb-finger that grows in height as the
fingers engage, leading to negative kelec values and decreased
resonant frequencies.

Finite element analysis (FEA) was performed in FEMLAB
using 3-D models of our designs to account for fringing fields.
Of particular interest was the effect of geometry on the gen-
erated capacitance profiles and subsequent electrostatic forces/
springs. Example simulations are shown in Fig. 4 assuming
a 10 µm gap and 100 µm maximum finger height—note the

Fig. 4. Simulated force versus engagement for finger designs with gray level
heights (H) of 10, 40, and 100 µm (i.e., no step) with a 10 µm gap.

smooth transition between the large and small force regions
that creates a quasi-linear region for kelec. The height of the
remaining silicon step, or “gray level,” (in conjunction with
the applied voltage) will determine the slope of this region,
and therefore the strength of the electrostatic spring. Short gray
levels result in large kelec because the change in force over a
fixed distance is more dramatic; however, the levels must be
thick enough to ensure the mechanical integrity of the device.

The relative strengths of all three comb-finger designs shown
in Fig. 2 were explored. The design in Fig. 2(a) contains
fingers that increase in height as they engage, creating a
“weakening” kelec. The designs in Fig. 2(b) and (c) (“single”
and “double,” respectively) contained fingers that decrease in
height as they engage, creating a “stiffening” kelec. “Single”
designs contain a step on the moving comb-fingers, while
the “double” design has identical steps on both moving and
stationary fingers [see Fig. 2(b) and (c)]. As the fingers engage
in the “stiffening—double” design, a dramatic change in force
is expected as the two full-height sections pass each other. A
variable-gap comb-finger design would have particular diffi-
culty mimicking the analog to this “double” shaping design
since it would require shaping both moving and stationary
fingers, leading to a further increase in device footprint. It
must be noted that the electrostatic spring created by these
devices will be nonlinear due to their simplistic design (i.e., one
vertical step). More precise force-engagement profiles would
be possible by incorporating multiple steps (this point is further
discussed later in Section V).

The local force-engagement profile was obtained from deriv-
atives of the capacitance–position profile. The derivative of
the force-engagement profile near the height step was used to
estimate the generated electrostatic spring constant. The peak
value of kelec is shown in Table I for the different simulated
designs, assuming N = 50 comb-fingers and an applied voltage
of 100 V. As expected, shorter gray levels create large changes
in force, and thus higher magnitudes of kelec. It is also clear that
the “stiffening—double” design is a significant improvement
over the “stiffening-single” design (1.97 N/m versus 1.15 N/m
for 30 µm high gray levels).
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TABLE I
PEAK SIMULATED SPRING CONSTANTS FOR DIFFERENT

FINGER DESIGNS AND GRAY LEVEL HEIGHTS

Fig. 5. SEM of fabricated tunable comb-resonators with a single step that
creates a “stiffening” electrostatic spring.

III. FABRICATION

Compact vertically-shaped silicon resonators were fabricated
on p-type silicon-on-insulator wafers with a 100-µm-thick
device layer and a 2-µm-thick buried oxide. As previously
mentioned, the unique ability to fabricate vertically shaped
structures in this research is provided by the emerging batch
3-D silicon fabrication technique called gray-scale technology.
The optimization of this technique and its integration within an
electrostatic actuator process flow has been described in detail
elsewhere [16]–[18]. In short, the actuator process flow started
by patterning Al contact pads prior to a gray-scale lithography
step. A single dry-etching step simultaneously defines all 3-D
resonator components and the devices were then released in
buffered oxide etch (6 : 1). For the single step comb-fingers
discussed here, a nested-oxide mask process could also be
used. However, the gray-scale technology enables designs with
multiple steps, which could prove useful when confronted with
nonlinear stiffness coefficients (as discussed later in Section V).

A scanning electron micrograph of fabricated vertically-
shaped comb-fingers for the “stiffening—single” design is
shown in Fig. 5. Note that the limitation on step height lies
primarily in the desire for the structural integrity of the comb-
fingers and process limitations (such as uniformity). For this
research, average gray levels as short as 10 µm were achieved.
One critical aspect of the fabrication to consider is that the top
of the steps must remain smooth to avoid field concentrations
around rough features, which could have a detrimental effect

on the engineered capacitance profile. In general, our gray-
scale process has been tuned to create relatively smooth levels
without any micrograss (see Fig. 5).

IV. TESTING

Static tests of displacement versus voltage on the planar drive
side were used to determine the mechanical spring constant
(kmech). For all tests, the shuttle and substrate are kept electri-
cally grounded to avoid pull-in forces normal to the substrate. A
stroboscopic measurement system (Veeco Wyko NT1100 with
DMEMS option) was then used to measure the untuned reso-
nant spectrum as a function of drive frequency, and a Lorentzian
fit used to find the peak frequency (f0). The dc tuning voltage
was then increased and the resonant spectrum measured again.
For most resonators tested here, we observed quality factors (Q)
of ∼15 in air. The following sections will review the tests for
each type of resonator, specifically the extracted resonant fre-
quency (f) and electrostatic spring constant (kelec) as a func-
tion of tuning voltage. Typical ac drive voltages were ∼20 V.

A. Weakening Resonator Tests

Measurements of devices with weakening resonator design
revealed 10–20 µm tall gray levels. The extracted kmech from
static deflection testing was 4.3 N/m. For each dc tuning
voltage, we used kelec from our FEMLAB simulations and
combined it with kmech in (3) to predict the new resonant
frequency (ftuned). Example resonant peaks for different dc
tuning voltages are shown for a “weakening” device in Fig. 6,
where the original frequency is near 1600 Hz and the tuned
frequency approaches 1500 Hz at Vtune = 80 V. The measured
resonant peaks as a function of frequency for different applied
dc tuning voltages are shown in Fig. 6. As the tuning voltage
increases, the resonant peak shifts to lower frequency, consis-
tent with a “weakening” of keff . Lorentzian curve fits show the
resonant peak shifted from f0 = 1598.9 Hz at Vtune = 0 V, to
ftuned = 1508.0 Hz at Vtune = 80 V(∆f = 90.9 Hz).

B. Stiffening Resonator Tests

For the “stiffening” resonators, we first consider the
“stiffening—single” design. The gray level was measured to
be ∼35 µm tall. The extracted kmech from static tests was
6.1 N/m. As predicted by our model, increasing the tuning
voltage caused the resonant peak to shift to higher frequencies,
indicating a “stiffening” of keff . Lorentzian curve fits show that
the resonant peak shifted from f0 = 1965.9 Hz at Vtune = 0 V,
to ftuned = 2234.2 Hz at Vtune = 120 V(∆f = 268.3 Hz).

According to our simulations, the “stiffening—double” de-
sign is expected to produce even stronger tuning characteristics
compared to the “stiffening—single” design. The gray level was
again measured to be ∼35 µm tall, and the extracted kmech

from static tests was only 3.3 N/m (due to different suspension
widths), leading to a lower initial resonant frequency. For this
case, Lorentzian curve fits showed that the resonant peak shifted
from f0 = 1332.5 Hz at Vtune = 0 V, to ftuned = 1560.2 Hz
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Fig. 6. Measured resonant peaks for different dc tuning voltages in the “weakening” design with constant ac drive voltage.

Fig. 7. Modeled and extracted electrostatic spring constants as a function of
dc tuning voltage.

at Vtune = 70 V(∆f = 227.7 Hz). This shift represented
a > 17% increase in resonant frequency.

C. Results Comparison

To draw a fair comparison between designs, we must account
for the fact that f0 and kmech were slightly different in each
case discussed above. Thus, it is preferable to compare their
extracted kelec magnitude rather than absolute tuning achieved.

The effective electrostatic spring constant for each tuning
voltage can be calculated from the associated resonant peak
for each design using (3). However, since our resonator lay-
out is asymmetric, large tuning voltages cause the device to
oscillate around a point shifted toward the tune electrode. As a
result, kmech slightly increases due to beam stretching at these
deflected points (dc displacement tests revealed a maximum
of ∼4% increase). We correct for this artifact by slightly adjust-
ing the kmech value used in (3) based on the shifted oscillation

point. Fig. 7 shows the final extracted kelec for the three gray-
scale comb-finger designs, as well as for a planar design where
negligible tuning is expected.

We see that in each case the measured and predicted values
from our model agree well. As expected, the strongest relative
kelec was achieved using the “stiffening-double” design where
the change in force with position is most dramatic, achieving
up to 1.06 N/m at 70 V. However, above 70 V, the “stiffening-
double” resonator became unstable due to its weak kmech and
the asymmetric design (causing the shuttle to pull-in to the tune
electrode). Therefore, the largest absolute kelec was actually
achieved by the “stiffening-single” design since it was able to
maintain stability up to 120 V, resulting in an extracted kelec

of 1.45 N/m. (Note: the “stiffening—single” design resulted in
only 0.43 N/m at 70 V). Resonator designs with tuning comb-
fingers on either side of the resonating mass should eliminate
any resonator offset induced by the large dc tuning voltages.
This would enable the devices to stay in their linear range up
to larger tuning voltages and eliminate our correction for beam
stiffening.

One must note that while correcting for kmech stiffening from
beam stretching is unique to our particular layout, multiple
other lower order sources of error will contribute to model
inaccuracy. In particular, fabrication errors, such as changes in
gap or inconsistent gray level height, could definitely decrease
electrostatic spring strength and must be accurately captured
during FEA.

V. DISCUSSION

While the previous tests confirm the operation of the
proposed resonant frequency tuning method, further testing
revealed that measurements using large drive amplitudes ex-
hibited some nonlinear behavior. Shown in Fig. 8 are multiple
frequency sweeps on a “weakening” device using a constant
Vtune = 80 V. In this case, each curve was obtained with differ-
ent ac drive voltages (Vdrive = 10 − 40 V), and therefore dif-
ferent oscillation amplitudes. At low drive voltages, the tuned
peak resides near 1470 Hz, but as the drive voltage increases,
the peak “bends” toward the untuned resonant frequency by
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Fig. 8. For a fixed Vtune = 80 V, nonlinear stiffness coefficients appear as
Vdrive increases from 10–40 V, causing increasing oscillation amplitude.

∼50 Hz for Vdrive = 40 V. This nonlinear behavior is char-
acteristic of third-order stiffness coefficients described by the
Duffing equation [11]

mẍ + ξẋ + kx + γx3 = b cos(ωt) (4)

where

F = kx ± |γ|x3 (5)

where m is the resonating mass, ζ is the damping coefficient,
and γ is the third-order spring constant. Depending on the sign
of γ, the resonant peak can bend toward either higher or lower
frequencies, acting as a “hard” or “soft” spring, respectively.
Exact solutions to the Duffing equation are not, in general,
available [1]. Parallel plate electrostatic springs have been
found to exhibit “soft” spring behavior [19] due to their cubic
dependence on amplitude and gap.

Our simulations show the nonlinear behavior in our devices
to be an artifact of the single step comb-finger design, where the
change in force versus position (dC/dx) is only approximately
linear (see Fig. 4). If we instead look at the kelec-engagement
profile (d2C/dx2), we find that a single step design makes kelec

highly position dependent (see Fig. 9). Thus, large amplitude
vibrations experience a different net kelec depending on the res-
onator’s oscillation amplitude, causing an asymmetric resonant
peak. In our case, the peak always bends toward the untuned
resonant frequency because the effective tuning provided by
the electrostatic spring is reduced as it oscillates away from the
peak kelec.

The use of gray-scale technology to fabricate our devices
offers the capability to incorporate comb-finger designs with
multiple vertical steps to minimize such nonlinear effects. By
tailoring the height of such intermediate steps, the change in
capacitance can be controlled to eliminate the dramatic change
between full and reduced height fingers. While this linearity
will come at the expense of the peak kelec, simulations show
that a design with even four gray levels could radically reduce
such nonlinear stiffness coefficients (see Fig. 9). Depending on
the level design and complexity, numerous force-engagement
profiles can be created to achieve various spring behaviors.

Fig. 9. Simulations show that comb-finger designs using multiple gray-levels
could create electrostatic springs that change less with position, reducing
nonlinear behavior.

The disadvantage of using multiple steps is that each design
change requires a new set of 3-D capacitance simulations,
making the process quite slow. Thus, here we introduce a
second method for extending the linear range of vertically-
shaped electrostatic springs, called the “variable engagement”
technique. Rather than complicating the step design, we start
with a single-step design whose kelec-engagement characteris-
tics have been thoroughly simulated for a single finger. Then,
we stagger the relative engagement of each single-step finger, as
shown in Fig. 10(a). The net kelec engagement profile becomes
the sum of each finger’s contribution

kelec(x) =
∑

n

k0(x − δn) (6)

where k0(x) is the kelec-engagement profile of a single un-
shifted finger and δn is the shift of each individual finger. A
similar shifting concept can be found in the literature [20];
however, their technique assumed linear changes in engagement
and once again was exclusively limited to tuning the resonant
frequency down due to fabrication limitations.

Using this method, the kelec-engagement data for a single
step finger can be combined with finger offset combinations and
readily manipulated within a simple framework (like Matlab).
For example, Fig. 10(b) shows a simulated electrostatic spring
with no offset, where the magnitude of kelec changes dramat-
ically with engagement. However, when five of every eight
fingers are shifted by δ0 = 16 µm, a plateau > 20 µm wide
is created where there is negligible change in kelec. More com-
plicated offset combinations could be used to extend and/or tai-
lor the kelec-engagement profile as desired. This manipulation
of high-order stiffness coefficients may prove useful for pur-
poses beyond improving linearity, such as incorporating “soft”
electrostatic springs to compensate for “hard” mechanical
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Fig. 10. Staggering the relative engagement of single step comb-fingers (by δ) can be used to reduce and/or tailor nonlinear stiffness coefficients within resonator
designs. In (b), peak “A” represents five of every eight fingers being shifted backwards compared to the remaining three (of eight) fingers represented by peak
“B”—their combination results in the “With Offset” curve exhibiting the desired plateau.

spring behavior due to cubic stretching terms in kmech

[10], [19].

VI. CONCLUSION

We have presented the concept, design, fabrication, and
testing of compact vertically-shaped comb-resonators capable
of bidirectional resonant frequency tuning. Electrostatic spring
constants up to 1.06 N/m at 70 V (or 1.45 N/m at 120 V) and
resonant frequency tuning by > 17% f0 have been achieved
without increasing device size. While the resonant frequency
and Q-factor of the devices discussed were kept low, the design
and simulation principles developed can be applied to virtually
any of the resonator applications mentioned.

Future work will concentrate on further development of
multilevel and variable-engagement comb-finger designs in-
troduced here toward reducing nonlinear stiffness coefficients.
Approaches for integrating such a tuning mechanism into vi-
bration energy scavengers will also be pursued as potential
scavenging power is highly dependent on frequency matching
within vibrational energy harvesters [6]. There also exists the
further possibility of combining variable-gap and variable-
height comb-finger designs to provide ultimate flexibility in
resonator design and tenability.
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